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In this paper a detailed Hamiltonian analysis of three-dimensional gravity without dynamics
proposed by V. Hussain is performed. We report the complete structure of the constraints and the
Dirac brackets are explicitly computed. In addition, the Faddeev-Jackiw symplectic approach is
developed; we report the complete set of Faddeev-Jackiw constraints and the generalized brackets,
then we show that the Dirac and the generalized Faddeev-Jackiw brackets coincide to each other.
Finally, the similarities and advantages between Faddeev-Jackiw and Dirac’s formalism are briefly
discussed.
PACS numbers: 98.80.-k,98.80.Cq
I. INTRODUCTION
It is well-known that the quantum study of gravity developed in Loop Quantum Gravity [LQG]
is based on a background independent and non-perturbative canonical formulation [1–6]. In fact,
the support of LQG is the canonical quantization scheme developed by Dirac-Bergman [7]. Dirac’s
canonical formalism is a powerful approach, it allows us identify the physical degrees of freedom, the
gauge transformations, the complete structure of the constraints and the obtention of the extended
action, this information is useful because a strict study of the symmetries will allow us to have
the best guideline to make the quantization. Nonetheless, if a complete Dirac’s canonical analysis
is performed, in general it is complicated to classify the constraints in first and second class; the
classification of the constraints is an important step to perform because first class constraints are
generators of gauge transformations and allow us identify observables and second class constraints
allow us to construct the Dirac brackets. However, in spite of Dirac’s framework is a powerful tool
for analyzing constrained systems, the quantum canonical formulation of gravity has been a difficult
task to perform. For that reason, the study of toy models with a similar canonical structure to that
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2present in gravity becomes to be an interesting topic. In this respect, there are several examples
of toy models with a close relation with gravity just as topological theories [8–16] and models as
those reported by V. Hussain where there is not dynamics [17, 18], this means, in the canonical
formulation of those models there is not an analog to the Hamiltonian constraint that is present in
real gravity theory [19]. In this respect, the study of toy models is a interesting subject because
those are good laboratories for testing classical and quantum ideas that could be applied to General
Relativity [GR].
Because of the explained above, in this paper the Faddeev-Jackiw analysis for three dimensional
gravity without dynamics reported in [17] is performed. In fact, the FJ framework is an alternative
approach for studying constrained systems [19–21], the degrees of freedom are identified by means the
so-called symplectic variables and these variables allow us to construct a symplectic matrix. In this
manner, in FJ scheme all relevant information is contained in the symplectic matrix. Furthermore,
since the system under study is singular there will be constraints and the FJ approach has the
advantage that all the constraints of the theory are at the same footing, namely, it is not necessary
perform the classification of the constraints in primary, secondary, first class or second class such
as in Dirac’s method is done. Moreover, in FJ approach also it is possible to obtain the gauge
transformations of the theory, and by fixing the gauge a symplectic tensor is constructed, then from
that symplectic tensor it is possible to identify the generalized FJ brackets; generalized FJ and
Dirac’s brackets coincide to each other. However, just as it has been commented in [22] in order to
compare the results of Dirac’s approach with the FJ ones, it is necessary develop a complete Dirac’s
analysis, this is, it is mandatory to follow all Dirac’s steps. In this respect, in this paper we develop
a complete Dirac’s analysis of the theory under study, then we compare the Dirac results with the
FJ ones; we will conclude that the FJ framework is more economical than Dirac’s scheme.
The paper is organized as follows, in Section II a pure Dirac’s analysis of three dimensional gravity
without dynamics is performed. We identify the complete structure of the constraints and the
second class constraints are eliminated by introducing the Dirac brackets. In Section III we develop
a complete FJ symplectic analysis of the theory under study. The FJ constraints and the symmetries
of the theory jus as the gauge transformations are identified, then by fixing the gauge a symplectic
tensor tensor is constructed. From the symplectic tensor the generalized FJ brackets are identified
and we compare these brackets with the Dirac ones; we will show that the FJ and Dirac’s brackets
coincide to each other. Finally we present the conclusions and prospects.
II. HAMILTONIAN ANALYSIS
In this section a detailed canonical analysis for Husain’s model is performed. As we have com-
mented previously if we wish compare the canonical approach with the symplectic method, then it
is necessary to perform the Hamiltonian analysis by following all Dirac’s steps. In this manner, the
3action of interest is given by [17]
S[e, ω] =
∫
M
ǫαβγ
[
ωα∂βωγ + λe
i
α∂βe
i
γ + λǫije
i
αe
j
βωγ
]
. (1)
where eiα is the zweibein representing the gravitational field and ωα is a gauge field, λ is the cosmo-
logical constant that can be positive or negative (in this work we shall assume that λ is positive),
xµ are the coordinates that label the points of the 3-dimensional manifold M. In our notation,
Greek letters are indices for the spacetime and run from 0 to 2, while the middle alphabet letters
(i, j, k = 1, 2) are associated with the internal group and it can be raised and lowered with the metric
ηij with signature (+,+). Thus, assuming that the manifold M is topologically Σ × R, the 2+1
decomposition allow us identify the following Lagrangian density
L = ǫ0abωbω˙a + λǫ
0abeibe˙ai + ω0{2ǫ
0ab∂aωb + λǫ
0abǫije
i
ae
j
b}+ e
i
0{2λǫ
0ab∂aebi + 2λǫ
0abǫije
j
aωb},
(2)
where a, b, e = 1, 2. The matrix elements of the Hessian given by
∂2L
∂(∂µeiα)∂(∂µe
i
β)
,
∂2L
∂(∂µeiα)∂(∂µωβ)
,
∂2L
∂(∂µωα)∂(∂µωβ)
, (3)
are identically zero, thus, we expect 9 primary constraints. In order to identify the constraints, the
canonical formalism calls for the definition of the momenta
(
Πai ,Π
0
i , P
0, P a
)
canonically conjugate
to
(
eia, e
i
0, ω0, ωa
)
are given by
Παi =
δL
δe˙iα
, Pα =
δL
δω˙α
. (4)
From the null vectors of the Hessian and the definition of the momenta, we identify the following 9
primary constraints
φai : Π
a
i − λǫ
0abebi ≈ 0,
φa : P a − ǫ0abωb ≈ 0,
φ0i : Π
0
i ≈ 0,
φ0 : P 0 ≈ 0. (5)
In this manner, the canonical Hamiltonian takes the form
Hc =
∫
{ei0
(
2∂aΠ
a
i + 2λǫije
j
aP
a
)
+ ω0
(
2∂aP
a + ǫije
i
aΠ
aj
)
}dx2, (6)
and the primary Hamiltonian is defined as
Hp = Hc +
∫ [
λiaφ
a
i + λaφ
a + ui0φ
0
i + u0φ
0
]
dx2, (7)
where λia, λa, u
i
0, u0 are Lagrange multipliers enforcing the primary constraints. For this theory, the
fundamental Poisson brackets of the theory are given by
{eiα(x),Π
β
j (y)} = δ
i
jδ
β
αδ
2(x− y),
{wα(x), P
α(y)} = δαβ δ
2(x− y). (8)
4In order to observe if there are more constraints, we calculate consistency of the constraints and we
obtain the following 3 secondary constraints
ψi : ∂aΠ
a
i + λǫije
j
aP
a ≈ 0,
ψ : ∂aP
a +
1
2
ǫije
i
aΠ
aj ≈ 0. (9)
Consistency requires conservation in time of the secundary constraints, however, for this theory
there are not third constraints. Now we need to classify all the constraints in first class and second
class. For this aim, we calculate the following 12 x 12 matrix whose entries are the Poisson brackets
between the primary and secondary constraints, the non-zero brackets are given by
{φai , φ
g
i } = −2ǫ
agηijδ
2(x− y),
{φai (x), ψj} = λǫijP
a + λǫagηij∂gδ
2(x− y),
{φa(x), φb(y)} = −2ǫabδ2(x− y),
{φa(x), ψj} = −λǫ
agǫjke
k
gδ
2(x− y),
{φa, ψ(y)} = ǫag∂gδ
2(x− y), (10)
this matrix has rank = 6 and 6 null vectors. Thus we expect 6 first class constraints and 6
second class constraints. Under a complicated work, we find the complete structure of the first
class constraints given by
φ0i : Π
0
i ≈ 0,
φ0 : P 0 ≈ 0,
γi = ∂aΠ
a
i + λǫije
j
aP
a +
1
2
ǫadǫ
l
iP
dφal −
1
2
∂aφ
a
i −
λ
2
ǫije
j
bφ
b ≈ 0,
γ = ∂aP
a +
1
2
ǫije
i
aΠ
aj −
1
4
ǫadǫ
liΠdl φ
a
i +
λ
4
ǫlielaφ
a
i −
1
2
∂bφ
b ≈ 0, (11)
where we can observe that γ is the equivalent to the Gauss constraint and γi is a Gauss-like constraint,
there is not the analog to the Hamiltonian constraint that is present in gravity, in this sense there is
not dynamics. In fact, γ generates abelian transformations on the ωa field and rotations on the e
i
α
field, we will observe this point below. Furthermore, there are the following second class constraints
given by
χai : Π
a
i − λǫ
0abebi ≈ 0,
χa : P a − ǫ0abωb ≈ 0. (12)
In this manner, the algebra between the constraints is given by
{γi(x), γj(y)} =
λ
2
ǫijγδ
2(x − y),
{γi(x), γ(y)} = −
1
2
ǫilγ
lδ2(x− y),
{γ(x), γ(y)} = 0,
{γi(x), χ
a(y)} =
1
2
ǫi
lχal ,
{γi(x), χ
a
j (y)} =
λ
2
ǫijχ
a, (13)
5where we can see that the algebra between the constraints is closed as expected. It is important
to comment that the identification of the structure of the constraints (11) is a difficult task to
perform and it has not been reported in the literature. On the other hand, with the information
obtained until now, we can construct the Dirac brackets. For this aim we shall construct the
matrix whose elements are only the Poisson brackets between the second class constraints, namely,
Cαβ(u, v) = {χ
α(x), χβ(y)}
Cαβ(u, v) =

 −2λǫagηil 0
0 −2ǫab

 δ2(u− v), (14)
and its inverse
C−1αβ (u, v) =

 12λǫagηli 0
0 12ǫab

 δ2(u − v). (15)
Furthermore, the Dirac brackets among two functionals, say A,B, are expressed by
{A(x), B(y)}D = {A(x), B(y)}P −
∫
dudv{A(x), χα(u)}C
−1
αβ {χβ(v), B(y)}, (16)
where {A(x), B(y)}P is the usual Poisson bracket between the functionals A,B and χα(u), χβ(v) is
the set of second class constraints. Hence, by using (15) and (16) we obtain the following Dirac’s
brackets of the theory
{eia(x), e
j
b(y)}D =
ǫab
2λ
ηijδ2(x − y),
{ωa(x), ωb(y)}D =
1
2
ǫabδ
2(x− y),
{eia(x),Π
b
j(y)}D =
1
2
δbaδ
i
jδ
2(x − y),
{Πai (x),Π
b
j(y)}D =
1
2
ǫabηijδ
2(x− y),
{P a(x), P b(y)}D =
1
2
ǫabδ2(x− y),
{ωa(x), P
b(y)}D =
1
2
δbaδ
2(x− y), (17)
it is important to note that the algebra of the first class constraints under the Dirac brackets coincide
with (13). Moreover, we define the following gauge generator
G =
∫
dx2
[
Λiγi + θγ
]
, (18)
thus the following gauge transformations arise
δeia = −
1
2
∂aΛ
i −
Λk
2
ǫk
iωa +
θ
2
ǫk
ieka,
δωa = −
1
2
∂aθ −
1
2
Λiǫile
l
a, (19)
where we can observe that these gauge transformations correspond to those found in FJ formalism
(see the section below). In this manner, our results complete those reported in the literature [17].
6III. FADDEEV-JACKIW SYMPLECTIC FRAMEWORK
Now, the theory will be analyzed by using the FJ symplectic formalism. For this aim, we write
the Lagrangian (2) in the following form
(0)
L = ǫabωbω˙a + λǫ
abeibe˙ai − V
(0), (20)
where V (0) = −ω0{2ǫ
ab∂aωb + λǫ
abǫije
i
ae
j
b} − e
i
0{2λǫ
ab∂aebi + 2λǫ
abǫije
j
aωb} is identified as the
symplectic potential. From the symplectic Lagrangian (20) we identify the following symplectic
variables given by
(0)
ξ =
(
eia, e
i
0, ωa, ω0
)
and the 1-forms
(0)
a =
(
λǫabebi, 0, ǫ
abωb, 0
)
. In this manner,
the symplectic matrix given by
(0)
f ij =
δaj
δξi
− δai
δξj
takes the form
(0)
f ij =


2λǫagηij 0 0 0
0 0 0 0
0 0 2ǫab 0
0 0 0 0


δ2(x− y), (21)
where we can observe that
(0)
f ij is singular. The null vectors of that matrix are given by
(0)
V i1 =
(
0, ve
i
0 , 0, 0
)
and
(0)
V i2 = (0, 0, 0, v
ω0), where ve
i
0 and vω0 are arbitrary functions. Hence, from
the null vectors we obtain the following FJ constraints [21]
(0)
Ω i =
∫
dx2
(0)
V i1
δ
δ
(0)
ǫi
∫
dy2
(0)
V (ξ) = ǫab∂aebi + ǫ
abǫije
j
aωb = 0, (22)
(0)
β =
∫
dx2
(0)
V i2
δ
δ
(0)
ǫi
∫
dy2
(0)
V (ξ) = ǫab∂aωb +
λ
2
ǫabǫije
i
ae
j
b = 0, (23)
we can observe that these constraints correspond to the secondary constraints obtained in Dirac’s
approach (see the previous section). Furthermore, we need to know if there are more FJ constraints.
Hence, we calculate the following system [21, 22]
f¯kj ξ˙
(0)j = Zk(ξ), (24)
where
f¯kj =


f
(0)
ij
δΩ
(0)
i
δξ(0)j
δβ(0)
δξ(0)j

 and Zk =


δ V
(0)
δξ(0)j
0
0

 , (25)
thus, we construct the following symplectic matrix
f¯ij =


2λǫagηil 0 0 0
0 0 0 0
0 0 2ǫag 0
0 0 0 0
ǫagηil∂a + ǫ
gbǫilωb 0 ǫ
agǫije
j
a 0
λǫagǫile
i
a 0 ǫ
ag∂a 0


δ2(x− y), (26)
7we observe that this matrix is not square, however has null vectors. The null vectors are given
by V¯1 =
(
δlk∂av
k − ǫlkωav
k, 0, λǫlje
j
av
l, 0,−2λvk, 0
)
and V¯2 =
(
ǫlje
j
av
λ, 0,−∂av
λ, 0, 0,−2vλ
)
. On the
other hand, Zk is given by
Z¯k =


δ
(0)
V
δξi
0
0

 =


−2λω0ǫ
abǫlje
j
b + 2λǫ
ba∂be0l − 2λǫ
abǫilωbe
i
0
−
(0)
Ωi
ǫba2∂bω0 − 2λe
i
0ǫ
baǫije
j
b
(0)
β
0
0


. (27)
The contraction of the null vectors with Z¯k vanishes because of the constraints. For instance, from
the contraction with the first null vector we obtain
V¯µ1 Z¯µ = 2λω0ǫlj{ǫ
ab∂ae
j
b + ǫ
jkǫabekaωb}v
l + 2λei0ǫil{ǫ
ab∂aωb +
λ
2
ǫkjǫabeakebj}
= ω0ǫlj
(0)
Ωjvl + 2λei0ǫil
(0)
β vi = 0, (28)
from the contraction with the second null vector we obtain
V¯µ2 Z¯µ = e0iǫ
ij
(0)
Ω jv
λ = 0, (29)
that contraction vanishes as well. In this manner, there are not more FJ constraints. Hence, we add
the FJ constraints to the symplectic Lagrangian by using Lagrange multipliers namely α, ζ, and the
new symplectic Lagrangian is given by
(1)
L = ǫabωbω˙a + λǫ
abebie˙
i
a −
(
ǫab∂aωb +
λ
2
ǫabǫije
i
ae
j
b
)
α˙−
(
ǫab∂aebi + ǫ
abǫije
j
aωb
)
ζ˙i −
(1)
V , (30)
where
(1)
V =
(0)
V |(0)
Ω i,
(0)
β
= 0 vanishes because of the general covariance of the theory. We can
observe that α˙ = ω0 and ζ˙ = e
i
0 has been taken into the account. From the symplectic La-
grangian (30) we identify the following symplectic variables
(1)
ξ =
(
eia, ζ
i, ωa, α
)
and the 1-forms
(1)
a =
(
λǫabebi,−(ǫ
ab∂aebi + ǫ
abǫije
j
aωb), ǫ
abωb,−(ǫ
ab∂aωb +
λ
2 ǫ
abǫije
i
ae
j
b)
)
, where the new symplectic
matrix has the following form
(1)
f ij =


2λǫagηij −ǫ
agηil∂a − ǫ
gbǫilωb 0 −λǫ
agǫile
i
a
ǫagηil∂a + ǫ
gbǫilωb 0 ǫ
agǫije
j
a 0
0 −ǫagǫije
j
a 2ǫ
ag −ǫag∂a
λǫagǫile
i
a 0 ǫ
ag∂a 0


δ2(x − y),(31)
we can observe that the matrix is singular. In fact, this means that the system has a gauge symmetry
and it is well-known that the null vectors of the matrix (31) are generators of that symmetry [20].
8In fact, the null vectors of the matrix (31) are given by
Γ1 =
(
θ
2
ǫk
ieka, 0,−
1
2
∂aθ,−θ
)
,
Γ2 =
(
−
1
2
∂aΛ
i −
Λk
2
ǫk
iωa,−λΛ
i,−
1
2
Λiǫile
l
a, 0
)
, (32)
where Λi and θ are gauge parameters. By using these null vectors, we find the following gauge
transformations of the theory
δeia = −
1
2
∂aΛ
i −
Λk
2
ǫk
iωa +
θ
2
ǫk
ieka,
δωa = −
1
2
∂aθ −
1
2
Λiǫile
l
a, (33)
where we can observe that these transformations coincide with those found in the Dirac scheme.
Furthermore,we have commented above that Hussain’s theory is diffeomorphism covariant and a
(analog) Hamiltonian constraint is not present in the theory [17]. In fact, we can attend those points
by redefining the gauge parameters as Λi = 2eiaτ
a and θ = −2ωaτ
a, hence the gauge transformations
take the form
δeia = Lτe
i
a + τ
b
[
∂ae
i
b − ∂be
i
a
]
+ τbǫik
[
ekaωb − e
k
bωa
]
,
δωa = Lτωa + τ
b
[
∂aωb − ∂bωa + τ
bǫile
i
be
l
a
]
, (34)
which correspond (on shell) to diffeomorphisms and it is an internal symmetry of the theory. In this
manner, we have reproduced by other way the results reported in [17].
On the other hand, we have showed that there are not more FJ constraints and the theory has a
gauge symmetry, therefore, in order to obtain a symplectic tensor we fixing the temporal gauge
ei0 = 0,
ω0 = 0, (35)
this implies that α = cte, ζi = cte. In this manner, by adding the temporal gauge as constraints,
the new symplectic Lagrangian is given by
(2)
L = ǫabωbω˙a + λǫ
abebj e˙
i
a −
(
ǫab∂aωb +
λ
2
ǫabǫije
i
ae
j
b − ρ
)
α˙−
(
ǫab∂aebi + ǫ
abǫije
i
aωb − σi
)
ζ˙i,
(36)
where we choose the following symplectic variables
(2)
ξ =
(
eia, ζ
i, ωa, α, ρ, σi
)
and the 1-forms
(2)
a =
(
λǫabebi,−(ǫ
ab∂aebi + ǫ
abǫije
i
aωb − σi), ǫ
abωb,−(ǫ
ab∂aωb +
λ
2 ǫ
abǫije
i
ae
j
b − ρ), 0, 0
)
. Now, the
symplectic matrix takes the following form
9(2)
f ij =


2λǫagηil −ǫ
agηil∂a − ǫ
gbǫilωb 0 −λǫ
agǫile
i
a 0 0
ǫagηil∂a + ǫ
gbǫilωb 0 ǫ
agǫije
j
a 0 0 −δ
i
j
0 −ǫagǫije
j
a 2ǫ
ag −ǫag∂a 0 0
λǫagǫile
i
a 0 ǫ
ag∂a 0 −1 0
0 0 0 1 0 0
0 δij 0 0 0 0


×δ2(x − y),
(37)
we observe that this matrix is a symplectic tensor, and its inverse is given by
(2)
fij
−1
=


1
2λǫ
agηij 0 0 0 −
ǫij
2 e
j
a
1
2λ
(
−δij∂a + ǫ
i
jωa
)
0 0 0 0 0 δij
0 0 12ǫab 0 −
1
2∂a
1
2ǫije
j
a
0 0 0 0 1 0
ǫij
2 e
j
a 0
1
2∂a −1 0 ǫij
ǫab
2 ∂ae
j
b
1
2λ
(
δij∂a − ǫ
i
jωa
)
−δij −
1
2ǫije
j
a 0 −
ǫijǫ
ab
2 ∂ae
j
b 0


δ2(x− y).
(38)
Therefore, from the symplectic tensor (38) we can identify the generalized FJ brackets by means of
{ξ
(2)
i (x), ξ
(2)
j (y)}FD = [f
(2)
ij (x, y)]
−1, (39)
thus, the following generalized brackets arise
{eia, e
j
b}FJ =
1
2λ
ǫabη
ijδ2(x− y),
{ωa, ωb}FJ =
1
2
ǫabδ
2(x − y), (40)
we can observe that the Dirac brackets and the FJ ones coincide to each other.
IV. SUMMARY AND CONCLUSIONS
In this paper a detailed canonical and symplectic analysis for Husain’s gravity has been performed.
The complete structure of the Dirac constraints and the algebra between them has been reported,
we eliminated the second class constraints by introducing the Dirac brackets, then have used a
temporal gauge in order to construct the new Dirac’s brackets. Furthermore, with respect to the
symplectic method, we obtained the complete set of FJ constraints, the gauge transformations were
found and the diffeomorphisms were reported as a internal symmetry of the theory, then by fixing
the temporal gauge a symplectic tensor has been constructed. From the symplectic tensor the
generalized FJ brackets were identified and we showed that Dirac’s and FJ brackets coincide to each
other. It is important to comment that in Dirac’s formulation the classification of the constraints
10
in first class and second class is a difficult task, in FJ approach, however, the identification of the
constraints is less complicated and there are present less constraints than Dirac’s method. In this
sense, the FJ formulation is more elegant and economical.
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